
THE MATHEMATICAL GRAMMAR SCHOOL CUP 2026

- MATHEMATICS -

SOLUTIONS OF THE TEST PROBLEMS

Problem 1 2 3 4 5 6 7 8
Answer D B E A C D B E

1. Put A = (0, 0), B = (1, 0) and C = (0, 1). Since BD : DE : EC = 1 : 2 :
√
3, the total ratio is 3+

√
3,

and therefore

D =

(
1− 1

3 +
√
3
,

1

3 +
√
3

)
, E =

(
1− 3

3 +
√
3
,

3

3 +
√
3

)
.

Thus the slope of AD is

1/(3 +
√
3)

1− 1/(3 +
√
3)

=
1

2 +
√
3
= 2−

√
3 = tan 15◦,

while the slope of AE is

3/(3 +
√
3)

1− 3/(3 +
√
3)

=
3√
3
=

√
3 = tan 60◦.

Hence the angle between AD and AE is 60◦ − 15◦ = 45◦. The correct answer is (D).

2. Let the digits of the number be d1, d2, . . . , d8, where d1 ⩾ 1 and di ⩾ 0 for i ⩾ 2. We need

d1 + d2 + · · ·+ d8 = 4.

Putting e1 = d1 − 1, we get

e1 + d2 + · · ·+ d8 = 3.

The number of non-negative integer solutions is(
3 + 8− 1

8− 1

)
=

(
10

7

)
= 120.

The correct answer is (B).

3. First count the triples with no two adjacent objects. For 28 objects on a circle, the number of ways
to choose 3 objects with no two adjacent is

28

28− 3

(
28− 3

3

)
=

28

25

(
25

3

)
= 2576.

Among these triples, those containing one diametrically opposite pair are counted as follows. There are
14 diametrically opposite pairs. After choosing such a pair, the third object cannot be either of these
two objects and cannot be adjacent to either of them, so there are

28− 2− 4 = 22

choices for the third object. Hence the required number is

2576− 14 · 22 = 2576− 308 = 2268.

The correct answer is (E).

4. Write s = S(n). Then n = 2s2. We first prove that n < 10000. Indeed, if n has d ⩾ 5 digits, then

10d−1 ⩽ n = 2S(n)2 ⩽ 2(9d)2 = 162d2.

For d = 5 this would give 10000 ⩽ 4050, which is impossible. Moreover, 10d−1 > 162d2 for every d ⩾ 5:
it is true for d = 5, and if it is true for some d ⩾ 5, then

10d > 10 · 162d2 ⩾ 162(d+ 1)2.

Hence no number with at least five digits can satisfy the condition. Thus n < 10000, and so s = S(n) ⩽ 36.
Since n = 2s2 and S(n) ≡ n (mod 9), we have

s ≡ 2s2 (mod 9),

that is,

s(2s− 1) ≡ 0 (mod 9).



Therefore, for 1 ⩽ s ⩽ 36, it is enough to test

s ∈ {5, 9, 14, 18, 23, 27, 32, 36}.
Now

s 5 9 14 18 23 27 32 36
2s2 50 162 392 648 1058 1458 2048 2592

S(2s2) 5 9 14 18 14 18 14 18

Hence

s ∈ {5, 9, 14, 18},
and consequently

n ∈ {50, 162, 392, 648}.
Their sum is

50 + 162 + 392 + 648 = 1252.

The correct answer is (A).

5. Put k = ⌊
√
2n⌋. Then

k2 ⩽ 2n < (k + 1)2.

If k + 1 divides 2n, then 2n = (k + 1)t for some positive integer t. Dividing the previous inequalities by
k + 1, we get

k2

k + 1
⩽ t < k + 1.

Since
k2

k + 1
= k − 1 +

1

k + 1
,

and t is an integer, it follows that t ⩾ k. Therefore t = k, and hence

2n = k(k + 1), n =
k(k + 1)

2
.

Conversely, every number of the form n = k(k + 1)/2 satisfies the required divisibility, because

k2 < k(k + 1) < (k + 1)2,

so ⌊
√
2n⌋ = k and 1 + ⌊

√
2n⌋ = k + 1 divides 2n = k(k + 1).

Thus n must be triangular. In the interval [2000, 2050] the only triangular number is

63 · 64
2

= 2016.

Therefore the required number is 1. The correct answer is (C).

6. The case a = 1 is impossible, because it would give 2b + 2c = 0. Hence a ⩾ 2. Dividing the given
equation by bc and rearranging gives

a = 1 +
a

b
+

a

c
+

1

b
+

1

c
+

a− 1

bc
.

Since a ⩽ b ⩽ c, we have
a

b
⩽ 1,

a

c
⩽ 1,

and also
1

b
⩽

1

2
,

1

c
⩽

1

2
,

a− 1

bc
⩽

1

2
.

Therefore

a ⩽ 1 + 1 + 1 +
1

2
+

1

2
+

1

2
=

9

2
,

so a ∈ {2, 3, 4}.
If a = 2, then

bc = 3b+ 3c+ 1,

so

(b− 3)(c− 3) = 10.

Since 2 ⩽ b ⩽ c, this gives

(b, c) = (4, 13) or (b, c) = (5, 8).

If a = 3, then

bc = 2b+ 2c+ 1,



so
(b− 2)(c− 2) = 5,

and therefore
(b, c) = (3, 7).

If a = 4, then
3bc = 5b+ 5c+ 3,

so
(3b− 5)(3c− 5) = 34.

This gives no solution satisfying 4 ⩽ b ⩽ c.
Thus the triples are

(2, 4, 13), (2, 5, 8), (3, 3, 7).

The required sum is
13 + 8 + 7 = 28.

The correct answer is (D).

7. Let K be the second intersection of the line AC with the circumcircle of triangle BCD. In the present
convex configuration this point lies on the ray from C through A, so A lies between C and K. Since
BCDK is cyclic, we have

∠BKD = 180◦ − ∠BCD = 55◦

and
∠BKC = ∠BDC = 25◦.

As K,A,C are collinear, this gives
∠BKA = 25◦.

Also,
∠BAK = 180◦ − ∠BAC = 130◦,

so
∠ABK = 25◦.

Therefore AB = AK.
Furthermore,

∠AKD = ∠BKD − ∠BKA = 55◦ − 25◦ = 30◦,

while
∠KAD = 180◦ − ∠CAD = 120◦.

Thus
∠ADK = 30◦,

and so AK = AD. Hence AB = AD. Since

∠BAD = ∠BAC + ∠CAD = 110◦,

we get
∠ABD = ∠ADB = 35◦.

Now E ∈ BD and E ∈ AC, so in triangle ABE we have

∠BAE = 50◦, ∠ABE = 35◦.

Consequently,
∠AEB = 95◦,

and hence
180◦ − ∠AEB = 85◦.

The correct answer is (B).

8. Let deg p = n. If p is non-constant, the degrees of the two sides are 2n and n+ 1, respectively; hence
2n = n+ 1, so n = 1. A constant polynomial is impossible, because p(x) = b would give b2 = 1 + xb for
all real x.
Therefore

p(x) = ax+ b.

Substitution gives
(ax+ b)2 = 1 + x(a(x+ 1) + b),

that is,
a2x2 + 2abx+ b2 = ax2 + (a+ b)x+ 1.



Therefore
a2 = a, 2ab = a+ b, b2 = 1.

The only solution is a = 1, b = 1, so
p(x) = x+ 1.

Indeed, this polynomial satisfies the original identity.
Hence

p(0) + p(1) + · · ·+ p(2026) = 1 + 2 + · · ·+ 2027 =
2027 · 2028

2
= 2027 · 1014.

Modulo 17, we have
2027 ≡ 4 (mod 17), 1014 ≡ 11 (mod 17).

Therefore
2027 · 1014 ≡ 4 · 11 ≡ 44 ≡ 10 (mod 17).

Thus m = 10, and
2m+ 1 = 21.

The correct answer is (E).

MK


