
Problems and Solutions

Problems

1. Let p > 3 be a prime. Arrange the numbers 1, 2, . . . , p around a circle in some order
and consider the products of adjacent pairs. What is the smallest possible number of
distinct residues modulo p that can occur?

2. An equilateral triangle of side length 3n is tiled by isosceles trapezoids with side lengths
1, 1, 1, 2. Prove that it can be tiled in more than 5n

2−n di�erent ways.

3. Is it possible to factor the polynomial

P (x, y, z, t) = (x+ y + z + t)5 − x5 − y5 − z5 − t5?

Justify your answer.

4. Let k be a circle and let X, Y, Z be points outside k. For a point A on k and points
P,Q, de�ne FPQ(A) = B, where B is the second intersection point of the circumcircle
of APQ with k (B = A if the circles are tangent).

Prove that for every point T on k,

FXY ◦ FY Z ◦ FZX ◦ FXY ◦ FY Z ◦ FZX(T ) = T.

Solutions

1. The answer is 3.

The number p on the circle necessarily contributes two residues 0. Among the remain-
ing numbers, any three consecutive elements a, b, c produce products ab and bc, which
cannot be congruent modulo p. Hence at least 3 distinct residues must occur.

It remains to give a construction. Let g be a primitive root modulo p. Arrange the
residues around the circle as:

g1, gp−1, g2, gp−2, g3, gp−3, . . . , g
p−1
2 , g

p+1
2 , 0.

This yields only the residues 0, g, g2 modulo p among all adjacent products.
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2. Divide the original triangle into triangles of side length 3, then divide each of them
into 3 trapezoids in an alternating fashion. Next, join trapezoids whose longer sides
coincide into regular hexagons, as shown.

Subdivide the triangle into unit triangles and count them. The original triangle con-
tains 9n2 unit triangles. Along each side there are n trapezoids containing 3 unit
triangles each. The remaining triangles belong to hexagons, each containing 6 unit

triangles, giving (3n)2−3·3n
6

= 3
2
n(n− 1) hexagons.

Each hexagon can be partitioned into trapezoids in 3 ways. Therefore the number of
tilings is 3

3
2
n(n−1). Since

3
3
2
n(n−1) = (33/2)n

2−n > 5,n
2−n,

the claim follows.

3. We prove that the polynomial cannot be factored.

Assume otherwise, and let Q be an irreducible nonconstant polynomial with integer
coe�cients dividing P .

IfQ is linear and symmetric, then up to a constant factorQ = x+y+z+t, but x+y+z+t
does not divide P . Indeed, for (x, y, z, t) = (2,−1,−1, 0) we have x + y + z + t = 0,
while P (2,−1,−1, 0) ̸= 0.

If Q is linear and not symmetric, then all polynomials obtained from Q by permuting
x, y, z, t must also divide P . Their number divides 24 and is at least 4.

Since degP = 5, the only possibility is that there are exactly 4 such polynomials. But
then the quotient of P by their product is a symmetric linear polynomial, reducing to
the previous case.

If Q has degree 2 and is not symmetric, then at least one other conjugate polynomial
also divides P . The quotient is then a symmetric linear polynomial, again impossible.

It remains to consider a symmetric quadratic factor. Up to a constant factor,

Q = x2 + y2 + z2 + t2 + c(xy + yz + xz + xt+ yt+ zt)

for some c.
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Since all coe�cients of P are divisible by 5, write P = 5QR, where R is a symmetric
polynomial of degree 3.

Since P contains no monomial x5, the polynomial R cannot contain x3.

The monomial 5x4y in P can arise only from x2 · x2y, so R contains x2y.

The monomial 10x3y2 can arise in two ways: xy2 ·x2 and x2y ·xy. The �rst contributes
5, so the second must contribute the remaining 5. Hence c = 1.

But then Q has 10 terms, implying that R has 45−4
50

terms. This is not an integer, a
contradiction since R has integer coe�cients.

4. Choose any point of k and apply inversion centered there, sending k to a line. We keep
the same names for the images of points.

Let the successive images of A be B,C,D,E, F . We must show that the image of F is
A.

Let α, β, γ be the angles of triangle XY Z at X, Y, Z.

Using equal inscribed angles,

∠AYX = ∠AY Z − β = ∠CBZ − β = ∠CXZ − β

= 2π − α− ∠CXY − β = ∠CDY + π − α− β

= π − ∠EZY + γ = π − ∠EZX = ∠AFX.

Therefore X, Y,A, F are concyclic, and hence F maps to A.

(These equalities are written for a particular con�guration of points. Using directed
angles removes this restriction.)
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